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ABSTRACT y L/ Yl/ 2

Observations of the scattering of electromagnetic waves from thermal
fluctuations in the electron density of the ionosphere and magnetosphere
have previously been used to investigate ion and electron temperatures
and the electron density. This work was based on the assumptions that
the only ions present were O+, and that kD = hnD/AT K1 (AT is
the transmitted wavelength and D is the Debye length). These condi-
tions usually apply at F-region heights.

In this paper the interpretation of such scattering is extended to
conditions likely to apply above the F region, where increasing per-
centages of He+ and H+ are expected to occur, and where kD may
not be very small. Detailed curves are presented for mixtures of O+
and He+. It appears that, with a sufficiently powerful radar operating
at a sufficiently low frequency, scatter observations alone can usually
be used to determine the relative concentrations of O+ and He+ (and/
or H+), as well as the electron and ion temperatures and the electron
density. When information on one or more of these ionospheric properties
is available from another source, simpler scatter observations can be
used to complete the set. A simple transformation is given which

accurately corrects the interpretation for values of kD up to unity.
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I. INTRODUCTION

Observations of the scattering of electromagnetic waves from thermal
fluctuations in the electron density of an ionized gas give information
about the temperatures of the ions and electrons, and about the electron
density. Several workers have already used this technique in the study
of the upper atmosphere to determine temperatures [for example, Refs. 1,
2] and electron densities [for example, Refs. 3, 4]. The observations
have been interpreted on the assumption that only one type of ion was
present and the Debye length was much less than the transmitted wave-
length. As ionospheric measurements are extended to greater and greater
heights, the Debye length may no longer be negligible in comparison with
vhf and uhf wavelengths, and there is reason to expect the ionic composi-
tion to change from O+ at F-region heights to mixtures containing
increasing amounts of He+ and H+. There is, therefore, a practical
need to examine the spectra that arise when more than one type of ion
is present, and when the Debye length is not necessarily small compared
to the wavelength. In the past some attention has been paid to the pos-
sibility of wusing the ion gyro peaks that were predicted in the spectra
for propagation nearly perpendicular to the earth's magnetic field, to
identify the types and abundances of the ions present [Refs. 5-7]. So
far, observations of this type have failed to reveal these ion gyro
peaks [Ref. 8].

Little attention has been paid to the effects of ionic composition

on the non-magnetic spectrum, which is relevant for all directions of

propagation except those nearly perpendicular to the magnetic field
lines. TFejer [Ref. 6] has given examples of spectra for a mixture of H&
and O+ when the ions and electrons have the same temperature, and Carru
et al [Ref. 9] have also considered some of the effects of ionic mixtures
for equilibrium conditions. In this paper the effects of ionic composi-
tion and temperature non-equilibrium on the non-magnetic spectrum will

be considered in some detail. It appears that observations of this type
of scattering, either alone or combined with other measurements, will
provide a useful technique for the determination of the ionic composition

and temperature of the upper atmosphere.
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In the first part of this paper it is assumed that the Debye length
is very small compared with the wavelength; precisely, it is assumed that

kD = (un/xT)D <« 1, where A, is the transmitted wavelength and D 1is

the Debye length in the scattgring region. On the basis of this assump-
tion, the interpretation when one, two, and three kinds of ions are
present are examined in turn, with emphasis on mixtures of O+, He+,
and H+. Because of the increased complexity of the problem, only a
brief discussion is given of gases containing three kinds of ions.
Finally, we consider the modifications introduced when kD is not very
small.

Because the treatment of a ternary mixture is so difficult, it is
important to estimate over how much of the upper atmosphere such a mix-
ture could be approximated by a binary mixture. For this purpose we
have some isothermal, diffusive-equilibrium models suggested by Bauer
[Ref. 10]. The distributions for temperatures of 800 °k anda 1600 %K
are shown in Fig. 1. As indicated at the right of each diagram, the
three ions O+, He+, and H+ are simultaneocusly present in appreciable
quantities over only a relatively small range of height. At lower
heights it is sufficient to consider only O+ and He+; at greater
heights it is sufficient to consider only He+ and H+. Below 400 or
500 km the ions are almost exclusively O+. It therefore appears that
binary mixtures may adequately describe the ionic composition of a large
part of the upper atmosphere. Accordingly, most of the emphasis in this
paper is on binary mixtures of O+ and He+. Throughout we make the
reasonable assumption that the different types of ions have the same
temperature, which may, however, be different from the electron tempera-
ture.

It should be kept in mind throughout this paper that the analysis
assumes that the constituent ions are known, but their relative concen-
trations are not. With appropriate measurements it is also possible to
identify unknown ions, but such types of analysis are not considered in
this paper.

The theoretical expressions for scattering from the thermal fluctua-
tions in an ionized gas are available in various forms in several places

in the literature [see, for example, Ref. 6]. For the computations in
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this paper, modified forms of Fejer's expressions have been used. Many
of the calculations are programmed and run on the IBM 7090 computer at

Stanford University.
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FIG.1. RELATIVE IONIC COMPOSITION OF UPPER ATMOSPHERE FOR TEMPERATURES OF
800 AND 1600 °K. Based on isothermal, diffusive-equilibrium models of Bauer [Ref. 10].
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II. AN IONIZED GAS CONTAINING ONE TYPE OF ION

The interpretation of the scattering from an ionized gas containing
only one type of ion is reviewed first, since it provides a useful back-
ground against which to consider the more complicated situations. The
salient features of the scattered spectrum can be seen in Fig. 2, which
shows spectra for scatter from ionized gases where the ion present is
oxygen, helium, or hydrogen, for electron-ion temperature ratios Te/Ti’
of 1.0, 2.0, and 3.0. Since the spectrum is symmetric about the trans-
mitted frequency, only the half above the central (transmitted) frequency
is shown. The scales for power spectral density and doppler shift £
could be chosen from a large number of possibilities, depending on which
gquantities one wishes to incorporate into the coordinates. With the
choice used here, the areas under the different curves are proportional
to the scattered power. Also, the position of the peak in the spectrum
for any particular ion remains in almost the same position for different
electron-ion temperature ratios. (Compare this with Fejer [Ref. 6] or
Evans [Ref. 1] where the position of the peak moves with a change in
Te/Ti’ because of a different choice of abscissa.) The width of the
spectrum is nearly proportional to the square root of the ion mass,
being twice as wide for He+ as for O+, and twice as wide for H+ as
for He+. Since the shape of the spectrum is of particular interest, we
multiply the abscissa by the square root of the ion-electron mass ratio
mi/me, normalize each curve to unity at zero doppler shift, and obtain
Fig. 3, which shows the spectra of Fig. 2 on these new scales. It is
clear from this figure that the shape of the spectrum is only slightly
dependent on the mass of the ion present in the gas.

When only one type of ion is present, and it is known, the basic
approach is straightforward. The width of the spectrum A f 1is propor-
tional to the square root of the temperature, and the power scattered
per unit volume ¢ 1is proportional to the electron density N. The
approach is slightly complicated by the fact that in the ionosphere the
electrons are often hotter than the ions. The constants of proportional-
ity Af/4 T and o /N, then depend on the temperature ratio Te/Ti'

However, the height of the peak in the spectrum, relative to the central
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RELATIVE POWER SPECTRA DENSITY

FIG. 3. SAME SPECTRA AS IN FIG. 2, BUT WITH DIFFERENT SCALES FOR ORDINATE AND
ABSCISSA. Power spectral density is normalized to unity at zero doppler shift for each curve.
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value R is a function only of the temperature ratio; therefore, a
measurement of this ratio determines the temperature ratio, and thus the
values of Af/AT and o/N.

These various dependencies are illustrated quantitatively for the
three ions O+, He+, and H in Figs. 4, 5, and 6. In Fig. 4 the
peak-to-center ratio R 1is shown as a function of Te/Ti for tempera-
ture ratios from 1.0 to 3.0. (This appears to be the range of Te/Ti
appropriate for the upper atmosphere.) As might be expected from the
spectra of Fig. 3, a change in the ion mass changes the value of R
only slightly. In interpreting his spectral observations of scattering
from F-region heights, Evans [Ref. 1] used this ratio R to deduce
temperature ratios.

From many possible definitions of Af we have selected the one used
by Evans: Af is the doppler shift at which the power spectral density falls
to half of its value at the peak. Figure 5 shows the ratios z&f/xff;
and z&f/w[EZT as functions of Te/Ti. The figure indicates that 4m* Af
is nearly independent of the ion mass.

It can be seen from Fig. 1 that the ratio a/N is a function of
Te/Ti’ since the areas under the spectra are proporticnal to ¢. It is
also slightly dependent on the ion mass [ Ref. 11]. These dependencies
are shown in Fig. 6 for O+, He+, and H .

If all three of the quantities R, Af, and ¢ can be measured,
it is possible to determine Te’ Ti’ and N, wusing the curves of Figs.
b, 5, and 6. If not all of these scattering quantities can be measured,
it may be necessary to make some assumptions about the temperatures, or
perhaps make a measurement of N in another way. The various combina-
tions of measurements and assumptions necessary are easily represented
by a schematic diagram, such as shown in Fig. 7. If an encircled quantity
is known, all quantities connected to it can be determined (the appropriate
figures to be used are indicated in parentheses beside the connecting
lines). Thus, when R is known, Te/Ti can be found using Fig. k4.

Once Te/Ti is known, Fig. 6 gives the ratio (7/N, and Fig. 5 gives
the ratios Af/vﬁf;1 and Af/wﬁi;. The diagram makes it clear that when
any one of the encircled quantities is known, all the others can be found.

The situation where only one type of ion is present is sufficiently simple

-7 - SEL-63-125



: 1 /° 2
LH anv 0 ¥od ‘L/°L Him Jip/ry

NOALOFT anv ‘1}/1y. 40 NOILVIMVA ‘S Old
TTONIS V Ad AFYALLVDS ¥INOd = +H aNv
) < ¢ ¢
_mww St %0 4H anv ‘,°H +hw o4 e “.2H .0 ¥04 'L/°1 40 NOILLDNNZ V
L/°L 40 NOILLDNNA V SV N/© *9°DId o . o'z - o1 SV ¥ OILVY ¥ILNAD-OL-MviAd ¥ 'OId
_ _ _ 300’
—h/% ALK
Se 0¢ 6z 02 gl 0l ot _ 02 _ Ol
T T T L] T .
100
]
41" @]
800° _
* 1
0 2
q
H Zz .
le 600
B4 olo’
) 1 1 1 A m.
110°
m
[qV)
N
o
r[} 0
4
jca| |
jir}



(FIG.4)

(FIG.5) @ (FIG.6) @

FIG. 7. INTERRELATIONS BETWEEN SCATTERING OBSERVATIONS
AND CHARACTERISTICS OF IONIZED GAS WHEN ONLY ONE TYPE
OF ION IS PRESENT AND ITS MASS IS KNOWN. Interrelations for
0%, He', and H' are given in figures in parentheses.

that this diagram is probably not necessary, but it provides a concise
surmary of the possibilities and introduces a notation that will be
helpful in examining the more complicated situations, where several types
of ions are present.

With the aid of Fig. 7 we now consider the case where not all of
R, Af, and ¢ can be measured. Of the three, the most difficult to
measure is R. If the scattering comes from sufficiently great distances
the sensitivity may not be sufficient to measure R (this was the case
for Evans' measurements above 40O km). Examination of Fig. 7 shows that
measurements of Af and ¢ must be supplemented by a measurement or
assumed value of one of the other gquantities before anything can be
deduced, but that any one of Te, Ti’ Te/Ti’ or N will suffice. For
the upper atmosphere it might be possible to make some reasonable assump-~
tion about the temperature ratio (for example, it might be reasonable to
assume equilibrium conditions if the measurements were made at night),
or about the ion temperature (by an assumption of an isothermal atmos-~
phere, or by using some average values obtained from rocket measurements ).
Either of these assumptions would be sufficient to deduce both tempera-
tures and the electron density from measurements of Af and o. If
values of electron density were available, say from top- or bottom-side
sounders, they could be combined with ¢ to give Te/Ti’ and that with

Af to give T and T,.
e i

-9 - SEL-63-125



Without a measurement of Af, it is not possible to determine the
absolute values of the temperatures; without a measurement of ¢ it is
not possible to determine to electron density. When only o+ 1is measured,
an assumption or idependent measurement of Te/Ti will give N (this
was the approach used by Bowles [Ref. L] to obtain electron-density
profiles). Alternatively, an assumption or independent measurement of
N will give ’I‘e/Ti (this approach used by Greenhow et al [Ref. 2] to
deduce Te/Ti). When only Af is measured, one of T_, T,, or Te/Ti
must be obtained by measurement or assumption, and then the others can
be obtained from Af. This method corresponds to the approach used by

Evans in interpreting his observations of Af from heights above L0OO km.

SEL-63-125 - 10 -




IIT, AN IONIZED GAS CONTAINING TWO TYPES OF IONS

The interpretation of the scattering from an ionized gas containing
two types of ions is considerably more complicated than when only one
kind is present, and most of the discussion in this section is related to
one particular example, a mixture of O+ and He+. This is an appro-
priate example for the upper atmosphere since such a mixture is likely
to be the first encountered as the height of observation is increased
above the F-region. While attention will be concentrated on this
example, the approaches used are, in principle, applicable to the study
of any lonized gas that is known to contain two particular kinds of ions.

The introduction of another ion adds a new unknown, the relative
concentration of the two ionic constituents. When N, and N2 are the

1

particle densities for the two ions, then N. + N2 = N, so the composi-

tion of the gas can be defined by the ratio lNE/N; we choose the sub-
script 1 to apply to the heavier constituent (in the examples this is
O+), and the subscript 2 to the lighter one (He+ in the examples).

While the spectra for two different ions are similar in shape for
a given temperature ratic (see Fig. 3), the spectra for a mixture of the
two ions have shapes quite different from those for either of the ions
alone. This is evident in Fig. 8, where spectra are shown for various
mixtures of O+ and He+ for a temperature ratio of 1.5. This figure
also shows that the peak-to-center ratio R is now a function of NE/N
as well as of Te/’I‘i and must be represented in its dependencies as a
whole family of curves rather than a single line, as it was in Fig. 4
for the case of one type of ion. Figure 9 shows R as a function of
NE/N and Te/Ti for mixtures of O+ and He+.

The ratio Af/tﬁfI} too, becomes a family of curves, shown in Fig.
10 for O+ and He+. The curves for temperature ratios less than 1.0
are included for use in a later discussion. Curves for Af/v_T:‘ can be
obtained from Fig. 9 by dividing Af/lff;1 by V?Zjﬁzi

In contrast to R and Af/xﬁf;; (;/N changes only slightly as the
composition is varied, moving smoothly from its value for the one ion to

its value for the other. This change is sufficiently small to be either

ignored or obtained by a simple interpolation between the curves of Fig. 6.
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Again, it is convenient to use a schematic diagram to represent the
possible combinations of measurements and assumptions that can be used
to determine the temperstures and densities of the electrons and ions,
and the appropriate diagram is shown in Fig. 11. The quantity 8 is to
be ignored for the moment. The hatched circle (to be referred to as a
node) with the inscribed 2 indicates that when any two of the connected
quantities are known, the other quantities connected to the node can be
determined from that value. Thus, knowledge of R and Af/tﬁf;' gives
N2/N and Te/Ti (which then gives o/N). Note that the slight depend-
ence of ¢/N on the mixture has been omitted from this diagram for

clarity. In practice it can be included by using an iterative approach.

Af.or _A_f (FI1G.10)

I T,

FIG. 11. INTERRELATIONS BETWEEN SCATTERING
MEASUREMENTS AND TEMPERATURES AND DENSITIES
FOR GAS CONTAINING TWO TYPES OF IONS. Shaded circle
(node) with inscribed 2 indicates that if any two of the con-
nected quantities are known, the others connected to the node

can be determined.

Most of the possibilities arising out of consideration of Fig. 11
are readily verified by examining Figs. 6, 9 and 10. It is clear that
measurement of Af, R, and ¢ alone is insufficient to determine any
of the temperatures or densities. However, the additional knowledge of
any one of Te, Ti’ Te/Ti’ N2/N or N will suffice to determine all
the rest. For example (referring to Fig. 11), when a measurement of the

electron density is available, the ratio o /N will give Te/Ti via

- 13 - SEL-63-125



Fig. 6, which will combine with R via Fig. 9 to give NQ/N; finally,
Te/Ti and N2/N combine via Fig. 10 to give Af/ T,, and thence T,
and Ti. It is equally clear that an assumption about Te/Ti or Ng/N
will enable all the other quantities to be determined. When Ti is
known, it is necessary to use Figs. 9 and 10 simultaneously: the known
values of R and Af/bﬁf; can be used with these figures together to
determine a unique pair of values for Ng/N and Te/Ti'

One point has been glossed over in the above discussion. In using
Fig. 9 to determine NE/N from Te/Ti and R, it is obvious that there
are really two possible values of N2/N that will agree with the values
of R and Te/Ti' However, the ambiguity is removed by additional
information of just the type available for the upper atmosphere. It is
known that the amount of He+ is very small at low heights. When a
series of observations is made which extend upward from the F-region, it
is obvious that only one of the two possible sets of values for NE/N
gives a continuous variation of NE/N with height.

Another independent measurement on the spectrum is necessary if we
are to deduce information about temperature and composition from scatter-
ing measurements alone. A comparison of the curves of Fig. 3 with those
of Fig. 8 shows that, while the shape of the spectrum is not too differ-
ent around the peak, it is much more extended in the tail of the spectrum
of a gas containing He+. It appears that some sort of measurement on
the slope of the tail of the spectrum will provide information about the
origin of the spectrum that is not contained in R. The actual choice
of measurement would in practice often be dictated by the experimental
arrangement. For illustration we choose for this new parameter S, the
slope of the spectrum at the point where the power spectral density falls
to one half of its central value. To keep it independent of the scales
used for drawing the spectrum, we measure S on a semilogarithmic plot
of the spectrum and express 1t as the number of decibels of change over
a frequency interval fs, as indicated in Fig. 12. Because of the type
of normalizing used in defining S, it is independent of the actual
temperatures and is a function of only Te/Ti and NE/N'

Since both R and S are functions of Te/Ti and N2/N’ it is

possible to construct a diagram, mapping the experimental measurements

SEL-63-125 - 14 -




FIG. 12. DEFINITION OF PARAMETER S.

fs IS DOPPLER SHIFT TO A POINT -3 db
FROM THE CENTRAL VALUE. EXAMPLE
SHOWN IS FOR MIXTURE OF 0t AND Het

WITH Te/Ti=2'O AND N2/N=O.3.

RELATIVE POWER SPECTRAL DENSITY (db)

FREQUENCY —

of R and S into the quantities Te/Ti and N2/N. The portion of
this mapping for temperature ratios less than 3.0 is shown in Fig. 13.
Temperature ratios less than 1.0 are included for use in a later discus-
sion. The curves for constant R in this figure are just s transforma-
tion of Fig. 9 into the new coordinates. When the curves of constant R
and S are not parallel, it is possible to determine unique values for
N2/N and Te/Ti from the point of intersection of the curves. When
N2/N is less than about 0.6 this is true, and measurements of R and
S can be used to deduce values for NE/N and Te/Ti' Since a curve of
constant S generally intersects a given curve of constant R twice,
there are really two possible solutions for any pailr of values of R
and S (recall the ambiguity connected with Fig. 9). For atmospheric
applications this presents no serious problem, since we can reasonably
assume that NQ/N is a monotonic, or at least a smooth, continuocus

function of height.
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When N2/N is greater than about 0.6, the curves of constant R
and S Ybecome nearly parallel, implying that both quantities provide
the same information about the spectrum, and it is obvious that no unique
pair of values for N2/N and Te/Ti results. For example, if the
observed values were R = 1.3 and S = -30, +then, within reasonable
experimental limits, the value of NE/N could be anywhere between 0.65
and 0.90, with the corresponding values of Te/Ti ranging from 2.0 to
1.5. Figure 14 shows that this abiguity is inherent in the shape of
the spectrum. Two spectra are shown, corresponding to the O and the
X on Fig. 13, near the S = -4O curve. The power spectral density is
normalized to unity at zero doppler shift (as was done for Figs. 3 and
8); the scale for the frequency would be that indicated in parentheses,
except that the scale for the Te/‘I‘i = 2.0, NE/N = 0.93 curve has been
multiplied by 0.898 to bring the two into superposition. The two curves
are clearly indistinguishable experimentally, no matter what measurements
are made on them. Incidentally, this suggests that the two parameters
R and S accurately characterize the spectral shape.

The schematic diagram of interrelations is modified to include S
by simply adding it to the node in Fig. 11. It must be remembered that
when R and S are used as the two inputs to this node, there will be
some ranges of values which do not give the other quantities connected
to the node unambiguously, as has Jjust been discussed. With this reser-
vetion it is possible, from measurements of Af, R, S, and ¢, to
determine the electron and ion temperatures and densities, Te’ Ti’ Nl,
N,, and N; R and S give N2/N and Te/'I‘i, which give Af/VTi'.
Then Te/Ti and Af glve Te and Ti; and Te/Ti and ¢ give N.

The sequence of measurements proposed here will be of practical use
only if the accuracy with which the quantities R, S, Af, and o must
be measured to obtain reasonable estimates of the temperatures and den-
sities 1s experimentally feasible. This applies in particular to R
and S, since the accuracy of all deduced guantities depends on the
accuracy with which R and S are measured. We will consider a typical
example, where R = 1.35 + 2 percent and 5 = 24 db + 2 percent. As
has been pointed out, any pair of values of R and S 1leads to two

possible pairs of values for Te/Ti and NE/N' The two solutions for
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RELATIVE POWER SPECTRAL DENSITY

FIG. 14. TWO SPECTRA FOR MIXTURES OF ¢*

Te/Ti=2.5 +
——{ Ng/N 20.75 AND He™ WITH VALUES OF N2/N AND Te/Ti
INDICATED. Frequency would be as shown in
Te/T1=2.0
""" N/N =0.93 parentheses except that the scale for the Te/Ti = 2.0,
o NZ/N = 0.93 curve has been multiplied by 0.898 to
° 172 bring the two into superposition.
m
FREQUENCY (). £ f
NC (T(BKTQ) )

this example are shown in Fig. 13 by two hatched areas and give values

of Te/Ti = 1.48 + 0.05, NE/N = 8.2 + 1.0 percent; and Te/Ti = 2.45

+ 0.5, NE/N = L2.5 + 2.0 percent. 1In a practical situation, knowledge
about the continuity of the composition in the upper atmosphere would
make it clear which one of these solutions was the appropriate one.

These solutions can then be used with Fig. 10 to determine Afy“Vﬁz: and
thus the ion and electron temperatures. The two shaded areas on Fig. 10
correspond to the two solutions. A little calculation shows that, as a
result of the uncertainty in these values for Te/Ti and NE/N’ the
deduced values for electron and ion temperatures have an uncertainty of
about + 3 or 4 percent, in addition to any uncertainty due to the accuracy
of the measurement of Af. Similarly, the two solutions are shown on
Fig. 6 as shaded areas on the curve for O+. These indicate errors in

the deduced electron density of about + 2 percent. Thus, the errors in
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the deduced quantities are all of the same order of magnitude as the
initial errors in R and S. At least for the case considered here, it
appears that useful values for the temperatures and densities could be
deduced from modest estimates of R and 5.

Often it will not be possible to measure all of R, S5, Af, and
o. While the situations that arise can all be seen from an examination
of Fig. 10, a few general comments may be helpful: 1) when N is to
be determined, o must be measured; 2) when temperatures are to be
determined, at least one of Af, Ti’ or Te must be measured or
assumed; 3) of the nine quantities R, S, Af, o, T, Ty, Te/Ti’
NE/N’ and N, at least four must be measured or assumed if the others
are to be determined.

All of the discussion on ionized gases containing two types of ions
has been based on the specific example of O+ and He+. The character-
istics of the curves given in Figs. 9, 10, and 13 depend primarily on
the mass ratio of the two ions, and only very slightly on the actual
masses. These figures therefore give an accurate indication of how one
might study any gas containing two types of ions whose mass ratio was
k:l. 1In particular, a mixture of H+ and He+ has this mass ratio,
and the approach to studying such a gas is described in its essential
details by the curves given here. This has significance for the study of
the upper atmosphere, since at great heights it appears likely that there
will be a transition from He+ to H+.

For other mass ratios the character of the spectra may be quite
different and, in extreme cases, a somewhat different approach might be
more effective. For example, a mixture of O+ and He+ gives spectra
of a very different shape from those for a mixture of O+ and H+, as
will be seen in the next section (Fig. 15). Here, for a mass ratio of
16, the wide separation in frequency of the peaks for the two ions leads
to spectra having very characteristic shapes, which might be interpreted
in a more direct way than the method outlined here for an ion mass ratio

of L:1.
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IV. AN IONIZED GAS CONTAINING THREE TYPES OF IONS

We consider only briefly the case where three different types of
ions are present in the gas and restrict the discussion to the mixture
most likely relevant to the upper atmosphere, one of O+, He+, and H+.
The spectra shown in Fig. 15 illustrate the effects of temperature and
mixture. The scales are the same as those in Fig. 2. For high tempera-
ture ratios and small amounts of He+ the spectra take on unusual and
characteristic shapes. 1In these regions, it seems likely that parameters
other than R and S might more directly indicate the temperature ratio
and the composition of the gas. For ease in presentation, we continue
to consider R and S, keeping in mind that in some cases there may be
more effective ways of interpreting the spectrum.

Following the notation used for two ions, we use Nl’ Ng’ and N3 for

the particle densities of the three types of ions, in decreasing order of

mass; since Nl + N2 + N, = N, we may use NE/N and N3/N to define the

ionic compostion of the éas.

The formal relations between the various quantities are easily
extended to a ternary mixture. If we are to maintain our success in
determining all temperatures and densities from scattering measurements
alone, we must find one more parameter to make up for the new ratio
N3/N, which we now have to determine. A study of the spectra of Fig. 15
suggests that the slope well out in the tail behaves differently from the
way it behaves at the point where we measure S. Therefore we introduce
another S, measured at a point -10 db from the central value, and dis-
tinguish the two by subscripts: S3 and SlO' Since Af/\/izj R, 83,
and SlO are all functions of the temperature ratio and the composition,
they are all connected to the node of the schematic diagram, which now
requires at least three inputs to determine the rest of the comnected
quantities. The resulting schematic diagram is shown in Fig. 16.

In a general way, it is possible to indicate how measurements of the
five scattering measurements might be used to determine temperatures and
densities. The dependence of R on temperature ratio and mixture can

be represented by surfaces of constant R 1in the three-dimensional space

of Te/Ti’ N2/N and N3/N. Similar surfaces can be constructed in the
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o/N

FIG. 16. INTERRELATIONS BETWEEN SCATTERING MEASURE-
MENTS AND TEMPERATURES AND DENSITIES FOR GAS CON-
TAINING THREE TYPES OF IONS. Shaded circle (node) with
inscribed 3 indicates that if any three of the connected quantities
are known, the other quantities connected to the node can be

determined.

same space for S and Sl . Experimental measurements of R, 83, and

3 0]

S then select one surface from each of these families of surfaces. In

10
general the surface for S intersects that for R in a line L The

3 1’

surface for SlO also intersects the surface for R in a different line

LE' The intersection of Ll and L2 defines uniquely the values of
Te/Ti’ NE/N’ and NS/N. It is quite possible that, for some ranges of
the quantities R, 83, and SlO’ the lines Ll and L2 intersect in
two or more points, they are nearly coincident over a range of values, or
one of the lines degenerates into a surface. Under these circumstances it
would not be possible to deduce uniquely the temperature ratio and densi-
ties from the measurements. The extensive calculations necessary to
locate ambiquities have not been carried out, but the limited study that
has been made indicates that, for a least some regions, it is possible to
obtain a unique interpretation. In practice, it would be a very arduous
task to compute the lines Ll and L2 for each set of measurements
obtained. A more feasible approach might involve using a computer to

search for the values of Te/Ti’ NE/N’ and N3/N for the best fit to
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the measurements of R, S and Sl The rest of the interpretation,

s .
involving Af and o, iSBStraightfogward, being identical in principle
to the approach used for an ionized gas with two types of ioms.

Since it is not known what model really applies to the upper
atmosphere, it is not possible to determine beforehand the height range
over which only O+ and He+ are present in significant quantities.
Therefore, it is important to be able to distinguish between mixtures
containing varying proportions of He+ and H+ in a preponderance of
O+. Preliminary calculations verify what is suggested by the spectra in
Fig. 15—that if Slo or its equivalent can be measured, an unambiguius
interpretation of mixtures of this type can be obtained. Whether He
or H+ is dominant as the minor constituent should be evident from even

a cursory examination of the tail of the spectrum.
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V. THE EFFECT OF kD ON THE INTERPRETATION

Throughout this discussion it has been assumed that the transmitted
wavelength is very much larger than the Debye length. At vhf this con-
dition is not strictly true for scattering from sufficiently great
heights. It is therefore necessary to consider the effect of kD on the
spectral shape and thus on the interpretation. An examination of the
analytical expreésion for the spectrum for an ionized gas containing one
type of ion suggests that, for values of kD 1less than 1.0, the spectral
shape is the same for kD << 1, Dbut with a temperature ratio
(T_/7)/11 + (D)), N ¢
ity for mixtures of O and He , and for kD < 1. Even when kD = 1.0,

Numerical computations have verified this similar-

the temperature transformation gives values for R and S that are too
low by only 1 or 2 percent. For convenience in the rest of this discus-
sion, we denote quantities deduced on the assumption that kD << 1 by

a prime. Thus, when Te/Ti is the true temperature ratio, and (Te/Ti)'

is that deduced on the assumption that kD << 1, then
— 2 1
Te/Ti =[1 + (kD)“] (Te/Ti) (kD < 1).

Note, in particular, that the value of NE/N deduced on the assumption
of kD << 1 is correct, independent of the value of kD (for kD < 1).
The width of the spectrum is affected by the value of kD 1in such a
way that, for kD < 1, the value of Ti deduced from Fig. 10 using
(Te/Ti)' and N2/N is still correct. The value of (7/N is affected
in a different way by kD than these other quantities. In Fig. 17 the
variation of o /N with Te/Ti+ and kD +is shown for 100-percent O+.
Consider a mixture of 0 and He , and suppose that measurements
of R, S, Af, and o are available for a situation where kD is not
very small, but less than 1.0. Figure 13 can be used to obtain (Te/Ti)'
and NQ/N. Although Te/Ti is unlikely to be less than 1.0, the value
of (Te/Ti)’ may be as small as 0.5, and for this reason values of Te/Ti
less than 1.0 have been included in Fig. 13. DNote that the value of R
is 1.0 everywhere below the hatched line R = 1.0. Figure 10 will then

give Ti’ and from Fig. 17, using ¢ and (Te/Ti)', we can deduce a
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FIG. 17. o/N AS A FUNCTION OF T_/T, FOR
VARIOUS VALUES OF kD. g, is the power

scatteted by a single electron.

value for the electron density N'. Based on the assumption of kD << 1,

we can find an estimate for the correct value of kD' from the expression

(kD)' = 69.1 V(Te/Ti)' Ti/N"= 69.1\/Te'/N".

It would then be possible to find a new estimate for Te/Ti by using

this new value of kD (instead of the assumption that kD << 1); several
iterations would eventually converge on the correct values for kD and
Te/Ti' However, it is possible to calculate directly the relation between
the values (xD)! and (Te/Ti)', and kD and Te/Ti, and this relation
is shown in the curves of Fig. 18 for values of Te/'I‘i up to 3.0 and
values of kXD up to 1.5. By the use of this diagram, the extension of
the technique up to XD = 1.0 is, at least in principle, quite
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straightforward. Notice, however, that it is now essential to measure
all four scattering quantities, in order to be able to obtain initial

estimates of KkD.

Oy
2.5
2.0 Z.Qﬂ__
S 1.5
o
~10 Te /T;=1.0
0.0 kD=0.2
0.5 0.75 1o
0 1 1 1 1 1 |. | "51
O 1 2 3 4 5 6 T 8 9
(kD)'

FIG. 18. TRANSFORMATION FROM (T_/T;) AND (kDY TO
Te/Ti AND kD. Primed quantities are those calculated on
the assumption that kD << 1. Unprimed quantities are the true

values.

Figures 13 and 18 indicate another difficulty that limits the
practical range of kD to values less than about 0.75. When kD = 1.0,
the apparent temperature ratios, corresponding to true temperature ratios
between 1.0 and 2.0, are between 0.5 and 1.0 (Fig. 18). From Fig. 13 it
can be seen that the values of R for this entire range of temperatures
are nearly equal to 1.0, so that extremely accurate measurements of R
would be necessary to obtain meaningful values for temperature ratio and
density. At low enough apparent temperature ratios the peak of the
spectrum is at the center (zero doppler shift). On Fig. 13 this is
everywhere below the R = 1.0 line, and a measurement of R and S

could not be used to obtain ‘I’e/‘I'i and N2/N without some subsidiary
assumptions.
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For the purposes of illustration we will take the value kD = 0.75
as representing the maximum value of kD for which the interpretation
is reliable. The electron density at which this value of kD occurs
is shown in Fig. 19 as a function of frequency, for electron temperatures
of 1000, 2000 and 3000 ®°K. Also shown is the electron density at which
XD = 0.1. When kD 1is less than this value, the corrections due to kD
are less than 1 percent, and in most cases could he neglected. From
Fig. 19 we see that, at 50 Mc, the effect of kD can be ignored when
the electron density is greater than about U4 x 109 el/m3, and can be
easily corrected for until the electron density is less than 6 x lO7
el/ms. The first of these densities might be encountered in the upper
atmosphere at heights of 800 to 2000 km, while the second might not be
encountered even at heights of tens of thousands of kilometers. At LOO
Mc, the effect of kD becomes important at densities of about 2 x lOll
el/m3, which might be encountered as low as 300 km during the night.

The effect of kD can be corrected for until the electron density is
less than about &4 x 109 el/m3, which might be encountered at heights
of 1000 or 2000 km, but could occur as low as 800 or 900 km.

It is clear that the effect of kD can not be ignored when observa-
tions are made at a frequency as high as 400 Mc. If observations are
extended to thousands of kilometers (where mixtures of ions are important),
a frequency of 50 Mc would be much more desirable than higher frequencies,
where the large values of kD at these heights would make the interpre-
tation of the spectra in terms of the ionic composition and temperatures

difficult or impossible.
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FIG. 19. ELECTRON DENSITIES AND TRANS-
MITTED FREQUENCIES THAT GIVE VALUES
OF kD OF 0.1 AND 0.75, FOR ELECTRON
TEMPERATURES OF 1000, 2000 AND 3000 °K.
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VI. CONCLUSIORS

Tonic mixtures and temperature non-equilibrium of the electrons and
ions in the ionosphere and magnetosphere complicate the interpretation of
radar observations of electron scattering. The effects of ionic mixtures
probably become significant at heights as low as 600 to 1000 km. On the
basis of the model of Bauer [Ref. 10], the first mixture to be encountered
with increasing-height will be one of O+ with a smaller amount of He+.
The analysis given in this paper shows that measurements of the spectral
shape for electron scattering together with the total scattered power per
unit volume will give unambiguously the electron and ion densities and
temperatures for such mixtures. Significant amounts of H+ may also be
present in this region. It appears to be possible, with sufficiently
sensitive measurements, to determine the relative proportions of He+
and H+ in a preponderance of O+, and thus determine densities for all
three ions as well as the electron and ion temperatures in the lower part
of the magnetosphere.

The effectiveness of the technique also depends on the magnitude of
kD, which, if not sufficiently small, will further complicate the inter-
pretation of the measurements. It appears that at low vhf frequencies
the effects of kD can be corrected for throughout the magnetosphere.
However, at low uhf frequencies, the value of kD may be sufficiently
large above heights as low as 800 km to make interpretation of the

spectra in terms of ion properties difficult or impossible.
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